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Abstract 
Hamada, N. and T. Helleseth, A characterization of some {2u,,, + uy+,, 2u, + v,,; 
k - 1, 3}-minihypers and some (n, k, 3k-’ - 2.3” - 3”; 3)-codes (k 2 3, 0 G (Y < y <k - 1) 
meeting the Griesmer bound, Discrete Mathematics 104 (1992) 67-81. 
Recently, Hamada and Deza (1988) and Hamada and Helleseth (in a submitted paper) 
characterized all {v,,, + up+, + vy+,, v, + u0 + vu; t, q}-minihypers for any integers t, q, a, 6 
and y such that q z 5 and 0 5 (Y s r¶ s y < t where q is a prime power and vI = (9’ - l)/(q - 1) 
for any integer 12 0. The purpose of this paper is to characterize all {u,+, + vB+, + u,,+,, v, + 
up + u,,; t, q}-minihypers for any integers t, 9, (Y, fi and y such that (a) 9 = 3, 0 s (Y = fi < y < t 
and y # (Y + 1 or (b) 9 = 3 and (a, 6, y) = (2, 2, 3). Using those results, all (n, k, d; 3)-codes 
meeting the Griesmer bound are characterized for the case k 3 3 and d = 3*-’ - 2 ‘3” - 3y. 
1. Introduction 
Let F be a set of f points in a finite projective geometry PG(t, q) of t 
dimensions where lo 2, and q is a prime power. If IF II HI 3 m for any 
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hyperplane H in PG(t, q) and IF n HI = m for some hyperplane H in PG(t, q), 
then F is called an {f, m; t, q}-minihyper where m 2 0 and IAJ denotes the 
number of elements in the set A. In the special case t = 2 and m 3 2, an 
{f, m; 2, q}-minihyper F is also called an m-blocking set if F contains no l-flat in 
PG(2, q). The concept of a minihyper has been introduced by Hamada and 
Tamari [13]. 
Tamari [19, 201 showed that F is a {r~~+r, V, ; t, q}-minihyper if and only if F is 
a p-flat in PG(t, q) where 1~ p < t and vI = (q’ - l)/(q - 1) for any integer I> 0. 
Hamada [3, 61 showed that (1) in the case t s pl + p2, there is no {vp,+r + 
vpZ+i, vcl, + up,; t, q}-minihyper and (2) in the case t 3 p1 + y, + 1, F is a 
{u p,+l + Vp*+l, v,,, + up,; t, q}-minihyper if and only if F is a union of a pi-flat and 
a p2-flat in PG(t, q) which are mutually disjoint where q Z= 3 and 1 s pl 6 p2 < t. 
Hamada [4] showed that in the case 
ka3 and d=qk-l-(.+,$qpt), 
there is a one-to-one correspondence between the set of all non-equivalent 
(n, k, d; q)-codes (i.e., q-ary linear codes with length IZ, dimension k, and 
minimum distance d) meeting the Griesmer bound and the set of all 
h h 
l v1 + c v~,+~, l O + c vcc,; k - 1, q minihypers 
i=l i=l I 
if an equivalence relation among (n, k, d; q)-codes is introduced where (E, pl, 
P2, . . . 7 ph) E U(k - 1, q) and U(t, q) denotes the set defined in the Appen- 
dix. Hence in order to obtain a necessary and sufficient condition for integers 
12, k, d and q that there exists an (n, k, d; q)-code meeting the Griesmer bound 
and to characterize all (n, k, d; q)-codes meeting the Griesmer bound for the case 
k23 and d=qk-l-(e+l$lqpl), 
it is sufficient to solve the following problem 
Problem 1.1. Find a necessary and sufficient condition for an ordered set 
(e, Pl> P2,. . . , ph) in U(t, q) that there exists a {evl + cf==, v~,+~, evO+ 
CL upI; t, q}-minihyper. 
(2) Characterize all {cvl + C!==, v~,+~, lvO+ CF= v 1 p,; t, q}-minihypers in the 
case where there exist such minihypers. 
Problem 1.1 was solved completely by Helleseth [15] in the case q = 2 and by 
Hamada [3] in the case q >3, l =Oor 1, lSh<tand l~,~,<p~<...<p~<f 
and by Hamada [6] in the case q 2 3, E = 0 or 1, h = 2 and pl = p2. In the case 
q s 4, E = 0, h = 3 and pi = pj for some distinct integers i and j in { 1, 2, 3}, 
Problem 1.1 was solved by Hamada [3, 5, 61, Hamada and Deza [8] and Hamada 
and Helleseth [lo, 111. The purpose of this paper is to prove the following two 
theorems. 
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Theorem 1.1. Let, a, f3 and y be any integers such that t 2 3, 0 6 (Y = /3 < y < t 
and y # a + 1. Let vr = (3’ - 1)/(3 - 1) for any integer 1~ 0. 
(1) In the case t s f3 + y, there is no {II,+~ + vs+l + v~+~, v, + ve + vv; t, 3}- 
minihyper. 
(2) In the case t 2 p + y + 1, F is a {v,+l + ye+1 + ~l~+~, v + ve + vu; t, 3}- 
minihyper if and only if F is a union of an a-flat, a @flat and a y-flat in PG(t, 3) 
which are mutually disjoint. 
Remark 1.1. Propositions A.7 and A.8 (see Appendix A) show that Theorem 1.1 
does not hold in the case ((u, /3, y) E { (0, 0, l), (1, 1,2)}. 
Remark 1.2. Theorem 1.1 gives a solution of Problem 1.1 for the case E = 2, 
h=l and 2SuIlt and for the case l =O, h=3, 1<u,=uz<u3<t and 
clg+/J*+1. 
Corollary 1.1. Let k, (Y, f3 and y be any integers such that k 2 4 and 
Oscu=/3<y<t and y#m+l. Let n=vk-v,+l-vB+l-vv+I and d= 
3“-’ - 3” - 3e - 3y where vI = (3’ - 1)/(3 - 1) for any integer 1~ 0. 
(1) In the case k s 6 + y + 1, there is no (n, k, d; 3)-code meeting the Griesmer 
bound. 
(2) In the case k > /3 + y + 2, C is an (n, k, d; 3)-code meeting the Griesmer 
bound if and only if C is congruent to some (n, k, d; 3)-code constructed by using 
a set of an a-pat, a /?-flat and a y-flat in PG(t, 3) which are mutually disjoint. 
Definition 1.1. Let 9((u, p, y; t, 3) denote a family of all unions lJ=, & of an 
a-flat VI, a p-flat V, and a y-flat V, in PG(t, q) which are mutually disjoint where 
tz=2andO<cusp<y<t. 
Remark 1.3. It follows from Remark A. 1 in Appendix A that %(a, /I, y; t, 3) # 0 
if and only if t 2 /3 + y + 1. Hence 9(2, 2, 3; t, 3) = 0 in the case t = 4 or 5. 
Definition 1.2. Let @2, 2, 3; t, 3) denote a family of all {2v, + v4, 2v, + v3; t, 3}- 
minihypers F such that F c Q for some 4-flat 52 in PG(t, 3) where t 2 4, v2 = 4, 
v3 = 13 and vq = 40. 
Remark 1.4. It is known (cf. [16]) that there is just one (5X5,5,36,3)-code up to 
equivalence. Since there is a one-to-one correspondence between the set of all 
non-equivalent (55,5,36; 3)-codes and the set of all {66,21; 4,3}-minihypers if 
an equivalence relation among (55,5,36,3)-codes is introduced as Definition 2.1 
in [4], it follows from 2v, + vq = 66 and 2~ + v3 = 21 that there is just one 
(2~~ + v4, 2~ + v3; 4, 3}-minihyper up to C-equivalence in [16]. Hence 
$(2, 2, 3; t, 3) # 0 for any integer t 2 4. Since p(2, 2, 3; t, 3) = 0 in the case t = 4, 
it follows from Proposition A.9 that 9(2, 2, 3; t, 3) rl 4(2, 2, 3; t, 3) = 0 for any 
integer t 3 4. 
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Theorem 1.2. (1) In cuse t = 4 or 5, F is a (2~~ + v4, 2v, + v3; t, 3}-minihyper if 
and only if F E @(2, 2, 3; t, 3) where v2 = 4, v3 = 13 and v4 = 40. 
(2) In the case t 2 6, F is a (2~ + v4, 2v2 + v3; t, 3}-minihyper if and only if 
either F E 9(2, 2, 3; t, 3) or F E %(2, 2, 3; t, 3). 
Corollary 1.2. Let n = (3k - 1)/(3 - 1) - 66 and d = 3k-’ - 45 where k > 5. 
(1) In the case k = 5, or 6, C is an (n, k, d; 3)-code meeting the Griesmer bound 
if and only if C is congruent to some (n, k, d; 3)-code constructed by using a set F 
in $(2, 2, 3; k - 1, 3). 
(2) In the case k 3 7, C is an (n, k, d; 3)-code meeting the Griesmer bound-code 
if and only if C is congruent to some (n, k, d; 3)-code constructed by using a set F 
in 9(2, 2, 3; k - 1, 3) U 5(2, 2, 3; k - 1, 3). 
2. The proof of Theorem 1.1 
In what follows, let q = 3 and v[ = (3’ - 1)/(3 - 1) for any integer 13 0. In 
order to prove Theorem 1.1, we prepare the following theorem whose proof will 
be given in Section 3. 
Theorem 2.1. In the case t 2 3, F E 9(0, 0, 2; t, 3) for any {2v, + v3, 2v0 + 
v,; t, 3)-minihyper F. 
Proof of Theorem 1.1. It follows from Proposition A.1 that if F E $“(a, a, y; t, 3) 
in the case t 2 LY + y + 1, F is a {2~,+~ + v~+~, 2v, + vv; t, 3}-minihyper. 
Conversely, suppose there exists a {2~,+~ +vy+,, 2v, + vY; t, 3}-minihyper F 
for some integers t, (Y and y such that (Y 2 0 and (Y + 2 < y < t. 
Case I: a=Oand y=2. 
It follows from Theorem 2.1 that F E 9(0, 0, 2; t, 3). Hence Theorem 1.1 holds 
in Case I. 
Case II: (Y = 0 and 3 s y ct. 
It follows from Proposition A.2 (E = 2, h = 1, ~1, = y) that (F fl GI = v~__~ for 
some (t-2)-flat G in PG(t, 3) and F n Hj is a {6jV, + vy, 6jVo+ v,_,; t, 3}- 
minihyper for any hyperplane Hj (1 -. J < ’ c 4) which contains G where 6;s are some 
nonnegative integers such that CT=, Sj = 2. Since 6j = 0, 1 or 2 for each j, it 
follows from Proposition A.4 and induction on y that F II Hj E So(Sj, Y - 1; t, 3) 
for j = 1, 2, 3, 4. Hence it follows from Proposition A.3 that F E S(O, 0, y; t, 3). 
Case III: a = 1 and 3 c y < t. 
It follows from Proposition A.8 that Theorem 1.1 holds in Case III. 
CaseIV: az2and cu+2sy<t. 
It follows from Proposition A.2 (E = 0, h = 3, ,u, = p2 = (Y, p3 = y) that 
(F nG( =2vn_, +v,_, for some (t-2)-flat G in PG(t, 3) and F n Hj is a 
{2v, + vY, 2v,_, + v~_~; t, 3}-minihyper in Hj for j = 1, 2, 3, 4. Since Hj is a 
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(t - 1)-flat in PG(& 3), it follows from Proposition A.9 (0 = f - 1) that there 
exists a {2v, + uY, 221,-i + v,_~; t - 1,3}-minihyper. 
(A) In the case t-l<(a-l)+(y-1) (i.e., t<a+y-1, it follows from 
Cases I-III and induction on (Y and y that there is no {2v, + q,, 2v,_, + v,_,; c - 
1, 3}-minihyper, which is contradictory to the above result. Hence in the case 
t < (Y + y - 1, there is no {2v,+, + u,,+~, 2v, + v,,; t, 3}-minihyper. 
(B) In the case t - la (o - 1) + (y - 1) + 1 (i.e., t 3 (Y + y), it follows from 
Cases I-III and induction on a and y that F fl Hj E 9((u - 1, & - 1, y - 1; t, 3) for 
j = 1, 2, 3, 4. Hence it follows from Proposition A.3 (E = 0, h = 3, p, = ,uz = (Y, 
~1~ = y) that F E %(a, cr, y; t, 3). Since %(cu, (Y, y; t, 3) # 0 if and only if t 2 
a + y + 1, this implies that (1) in the case t = (Y + y, there is no {2v,+, + 
V ,+i,2v,+v,;r,3}-minihyper and (2) in the case taa+y+l, FE 
9((~, (Y, y; t, 3). This completes the proof. El 
3. The proof of Theorem 2.1 
Let V and W be a p-flat and a v-flat in PG(t, 3), respectively, such that V fl W 
is an m-flat in PG(t, 3) where 0~ m c p s Y < t. Let V @ W denote the 
(p + Y - m)-flat in PG(t, 3) which contains two flats V and W. In the special case 
V fl W = 0 (i.e., m = -l), V @ W denotes the (p + Y + 1)-flat in PG(t, 3), which 
contains two flats V and W. Let $(O, 0, 1; t, 3) denote a family defined in 
Definition A.2. In order to prove Theorem 2.1, we shall prepare the following 
lemma. 
Lemma 3.1. For any integer t 2 3, there is no {2v, + v3, 2vo + v2; t, 3}-minihyper 
F such that (a) IFn GI = 1 f or some (t -2)-flat G in PG(t, 3) and (b) 
FnHjE9(1;t,3) for j=l,2,3 and FnH,E$(O,O,l;f,3) where Hi (j= 
1, 2, 3, 4) denote four hyperplanes in PG(t, 3) which contain G. 
Proof. Suppose there exists a {2v, + v3, 2v, + v2; t, 3}-minihyper F which sat- 
isfies the conditions in Lemma 3.1. Then F n G = {P} for some point P in G and 
F rl Hi = Lj for some l-flat Lj in Hi (j = 1, 2, 3) and F fl H4 = K for some set K in 
g(O,O,l;t,3) where GnL,={P} for j=1,2,3 and GnK={P}. Let K= 
{(IQ), (Q + vl), (2~ + vl), (Q), (vl + yz), (c~ + 2~~ + y2)) and let V be the 
2-flat in H4 which contains three noncollinear points ( vO), (vl) and (vz) in 
PG(t, 3) where c = 1 or 2. Then KC V and G fl V is a l-flat (denoted by M) in G 
passing through P. 
Let E = (L, C3 LJ n H4 and let Z be any (t - 3)-flat in G such that 2 tl M = 
{P}. Let I& (i = 1, 2, 3) be three hyperplanes in PG(t, 3), except for H4, which 
contain the (t - 2)-flat Z @ E. Since Lz c L1 @ E, E c Iii> P E IJ (i = 1, 2, 3) and 
P E Lj (j = 1, 2, 3), there exist two integers (Y and t!I in {1,2,3} such that 
L1 c &, L2 E II= and L3 c I$. Without loss of generality we can assume that 
cu=land/I=lor2. 
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Since F = L, U L2 U L3 U K and 17, n Lj = {P} for i = 1, 2, 3, it follows that 
IKflZ131=IFnZ73(. SinceGnV=M, Mc/ZandII,nZ&=Z@E, Vnrr,isa 
l-flat (denoted by L) in H4. Since (Fnn,(=IKnn,(=(Knvnrr,l= 
IK n L( s 3 < 4, there exists a hyperplane n, in PG(t, 3) such that IF n Z131 < 
2~ + v2, which is a contradiction. This completes the proof. 0 
Proof of Theorem 2.1. Let F be any {2v, + v3, 2v, + vt; t, 3}-minihyper where 
t 3 3. It follows from Proposition A.2 (E = 2, h = 1, p, = 2) that IF fl GI = 1 for 
some (t-2)-flat G in PG(t, 3) and F n Hi is a {6,v, + v2, ajv,+ v,; t, 3}- 
minihyper in Hi for j = 1, 2, 3, 4 where 4’s are nonnegative integers such that 
Cpzl Si = 2. Without loss of generality, we can assume that either (a) ~5~ = 6, = 0 
and C& = h4 = 1 or (b) 6, = & = 6, = 0 and 6, = 2. 
In the case (a), it follows from Proposition A.4 (E = 0 or 1, h = 1, pcLI = 1) that 
FflH,E@(l;t,3), FnH,E%(l;t,3), FnH,Eg(O, l;t,3) and FnH,E 
9(0, 1; t, 3). Hence it follows from Proposition A.3 (E = 2, h = 1, p1 = 2) that 
F E 9(0, 0, 2; t, 3). 
In the case (b), it follows from Propositions A.4 and A.7 that F fI HI E 
9(1; t, 3), F fl Hz E 9(1; t, 3), FflH,E9(1;t,3) and either FnH,E 
9(0, 0, 1; t, 3) or F n H4 E s(O, 0, 1; t, 3). Hence it follows from Lemma 3.1 and 
Proposition A.3 (E = 2, h = 1, ,D~ = 2) that F E 9(0, 0, 2; t, 3). This completes the 
proof. 0 
4. The proof of Theorem 1.2 
In order to prove Theorem 1.2, we prepare the following lemmas. 
Lemma 4.1. Suppose there exists a (2~ + u3, 2vI + v2; z, 3}-minihyper F for 
some integer z 3 3 where vu1 = 1, v2 = 4, and v3 = 13. 
(1) Zf H is a hyperplane in PG(z, 3) such that Iv, c IF rl HI < (I + 1)~ for some 
integer 1 in (1, 2}, then F n H is a {IF n HI, Iv,; z, 3}-minihyper in H. 
(2) Zf H is a hyperplane in PG(z, 3) such that IF fl HI = 3v,, then F n H is a 
{3v,, 3v,; z, 3}-minihyper. 
(3) There is no hyperplane H in PG(z, 3) such that (3 - I) + Iv, < IF n HI < 
(1 + l)v, for any integer 1 in (1, 2). 
(4) IF n HI = 2v, + v2, v1 + 2~ or 3~ for any (z - l)-flat H in PG(z, 3) such 
that IF fl H( < v3. 
Proof. (1) Let H be a hyperplane in PG(z, 3) which satisfies the condition in (1). 
Suppose there exists a (z - 2)-flat G in H such that IF fl GI < I- 1. Let Hi 
(i = 1, 2, 3) be three hyperplanes in PG(z, 3), except for H, which contain G. 
Since IFI = 21 and IF n HiI 2 2v, + v2 = 6 for i = 1, 2, 3, we have 
IFI=IFflHI+i {IFflHil-IFflGI}~21+l>IFI, 
i=l 
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which is a contradiction. Hence IF fl G( 2 1 for any (z -2)-flat G in H. If 
IF fl G( al+ 1 for any (z -2)-flat in H, then IF tl HI 2 (I + 1)u2, which is a 
contradiction. This implies that there exists a (z - 2)-flat G in H such that 
IF n GI = 1. Hence F n H is a {IF fl HI, Iv,; z, 3}-minihyper. 
(2) Using a method similar to (l), we can show that (2) holds. 
(3) Suppose there exists a hyperplane H in PG(z, 3) which satisfies the 
condition in (3). Then it follows from (1) that there exists a (z - 2)-flat G in H 
such that IF rl GI = 1. Let Hi (i = 1, 2, 3) be three hyperplanes in PG(z, 3), except 
for H, which contain G. Then 
IFI = IF rl HI + 5 {IF rl HiI - (F rl Gj} >21= IF(, 
i=l 
which is a contradiction. 
(4) It follows from (3) that IF n HI = 2v, + ‘uz, 21.5, vi + 2v2 or 3v, for any 
hyperplane H in PG(z, 3) such that IF n HI < v3. Suppose there exists a 
hyperplane H in PG(z, 3) such that IF fl HI = 2~. Then there exists a (z - 2)-flat 
G in H such that IF fl GI = 2. Let Hi (i = 1, 2, 3) be three hyperplanes in 
PG(z, 3), except for H, which contain G. Since 
1$1 IF fI (Hi\G)I = IFI - IF fI HI = 13 
and 
JFfl(H,\G)l=IFnH;I-IFflGIS4 fori=1,2,3, 
there exists a hyperplane Hi in {HI, Hz, H,} such that IF fl HiI = 7. Since 
2v, + v2 = 6 and 2~ = 8, this is a contradiction. Hence (4) holds. Cl 
Lemma 4.2. Let K be any (2~ + v3, 2vi + v2; t, 3}-minihyper in $(l, 1,2; f, 3) 
such that (a) KC H f or some (t - 1)-&t H in PG(t, 3) and (b) K rl G = 
{PI, P,} U J for some (t - 2)-Jlat G in H where t 2 4 and PI, P2 and J are two 
points and a l-flat in G, respectively, which are mutually disjoint. Let _X be a 
(t - 3)-jlut in G such that PI $2, P2 4 z and J c 2. Let Ai (i = 1, 2, 3) be three 
(t - 2)-j&s in H, except for G, which contain 2. 
(1) For i = 1, 2, 3, IK n Ai1 = 6, 9 or 12. 
(2) Zf IK fI Ail = 12 f or some integer i, then K fl Ai = V\(Q) for some 2-flat V 
and some point Q in V. 
(3) zf IK n All 2 IK n A21 3 IK n A3/, then (/K nA,l, IK n A& (K n A31) = 
(12, 9, 6) or (9, 9, 9). 
Proof. Since KC H and K E .?(l, 1, 2; 1, 3), it follows from Definition A.3 that 
there exists a 3-flat W(=V CB S,) in H such that K c W. Since PI E W and PI 4 Ai, 
it follows that W n Ai is a 2-flat in H. From Definition A.3 it is easy to check that 
K does not contain a 2-flat. Hence (K n Ail -=c JW n Ail = v3 for i = 1,2, 3. 
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(1) Since u1 = 1, u2 = 4 and u3 = 13, it follows from (4) in Lemma 4.1 
(z = f - 1) that IK rl Ai1 = 6, 9 or 12 for i = 1, 2, 3. 
(2) Since K n Ai c W 17 Ai and W n Ai is a 2-flat, it follows from n3 = 13 that if 
IK n Ai1 = 12, then K n Ai = (W fl A;)\{Q} for some point Q. 
(3) Since Eb, liy rl (A,\~)1 = lK[ - IK fl GI = 15 and Ilk; rl (Aj\lZ)I = JK n 
Ai1 - IJI = 2, 5 or 8 for i = 1, 2, 3, it follows that (IK fl AlI, IK rl A21, IK n A31) = 
(12, 9, 6) or (9,9,9). 0 
Proof of Theorem 1.2. It is obvious that the ‘if’ part in Theorem 1.2 holds. 
Hence it is sufficient to prove the ‘only if’ part in Theorem 1.2. 
In the case t = 4, it follows from Definition 1.2 that Theorem 1.2 holds. 
Suppose there exists a {2v, + n.,, 2v, + v,; t, 3}-minihyper F for some integer 
t 2 5. Then it follows from Proposition A.2 (E = 0, h = 3, p1 = pz = 2, ,u~ = 3) that 
IF nGl =2u, +v2 for some (t--)-flat G in PG(t, 3) and F fl Hj is a {221*+ 
u3, 2vI + v,; t, 3}-minihyper in Hj for any hyperplane Hj (1 ~j < 4) which 
contains G. Hence it follows from Propositions A.8 and A.9 (0 = t - 1) that 
either F fl Hi E 9(1, 1, 2; t, 3) or F n Hj E %(l, 1, 2; t, 3) for each j. 
Case I: F n Hi E 9(1, 1, 2; t, 3) forj = 1, 2, 3, 4 
It follows from Proposition A.3 (E =O, h = 3, ,ui = p2 = 2, p3 = 3) that 
F E 9(2, 2, 3; t, 3). Since 9(2, 2, 3; t, 3) # 0 if and only if t 2 6 (cf. Remark A.l), 
it follows that (1) in the case t = 5, there is no {2v3 + v.+, 2v2 + v3; t, 3}-minihyper 
F such that F fl Hj E 9(1, 1, 2; t, 3) for j = 1, 2, 3, 4 and (2) in the case t 2 6 
FE 9(2, 2, 3; t, 3). 
Case II: (F rl Hj E 9(1, 1, 2; t, 3) (j = 1, 2, 3) and F fl H4 E @l, 1, 2; t, 3) 
It follows that F fl Hj = L,j U L, U y for some two l-flats Llj, L, and some 
2-flat y in Hj (j = 1, 2, 3) such that (a) L,j, L, and I$ are mutually disjoint and 
(b) G n L,j = {PI}, G fl L, = {P2} and G rl V$ = J for some two points Pi, P2 and 
some l-flat J in G. 
Since F fl H4 E $(l, 1, 2; t, 3), it follows from Definition A.3 that F fl H4 = 
K = (V\(Q)) U (RI CB S,) U (RZ CI3 S,) U (R, G3 S,) for some points Q, RI, R2, R,, 
S1, S,, S, and some 2-flat V in PG(t, 3) which satisfy the two conditions (a) and 
(b) in Definition A.3. Since G n(FnH,)=G rT(FflH,), we have Gn K = 
{PI, P,> UJ. 
Let 2 be any (t -3)-flat in G such that P, $2: P2 $ .X and J c 2. Let 
E = (VI CD V,) rl H4. Then E is a 2-flat in H4 such that G rl E = J. Let Z7, 
(i = 1, 2, 3) be th ree hyperplanes in PG(t, 3), except for H4, which contain the 
(t-2)-flat Z03 E. Since JcE, G fl V=J (j= 1, 2, 3), G flq=Z, E cl7, 
(i=1,2,3) d an V, c VI CI9 E, there exist some integers (Y and /? in { 1,2,3} such 
that VI c IIa, V, c IIa and V3 c 17,. Without loss of generality, we can assume 
thata=land/_IE{1,2}. Hencef13ny=Jforj=1,2,3. 
Since 
F = { ,$ (L, U L, U y)} U K, 
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G n L, = {PI}, G n L*j = {Pz}, PI 4 I73 and P2 $ IIX, it follows that 
1113nFl=i (Irr,nL,I+1~~nL,,l)+In,nKI=6+In,nKI. 
j=l 
Since IK n fl,l= 1K rl H4 fl II31 = IK n Al and A = 2 CB E, it follows from Lemma 
4.2 that 1K n II31 < 12 and 117, fl FI =z 18 < 2v, + u3, which is a contradiction. 
Hence Case II does not occur. 
Case III: F fl Hj E 9(1, 1, 2; t, 3) (i = 1, 2,) and F rl HI E @l, 1, 2; t, 3) (1 = 
3,4). 
It follows that F rl Hj = L, u L, u I$ (i = 1, 2), F n H3 = K3 and F rl H4 = K4 
where L,, L*j and k$ denote three flats defined in Case II and KI E %(l, 1, 2; t, 3) 
forl=3,4. NotethatGnK,={P,,P,}UJforI=3,4. 
Let E, = (VI @ V,) n Hl for 1 = 3, 4 and let Z be any (t - 3)-flat in G such that 
Pr $2, Pz $2 and J c 2. Let Ail (i = 1, 2, 3) be three (t - 2)-flats in H,, except for 
G, which contain 2 for 1 = 3, 4. Since E3 c Aa3 and E4 c A,, for some integers LY 
and /3 in {1,2,3}, we can assume without loss of generality that (Y = 1 and /3 = 1, 
i.e., E3 c AI3 and E4 c AI4. It follows from Lemma 4.2 that IK, fl Aill = 6, 9 or 12 
for I = 3, 4 and i = 1, 2, 3. Without loss of generality, we can assume that 
IKJ n &I =s I&n &I. 
(A) In the case IK3 fl AIs1 = 12 and IK, n AI41 = 12, we can assume without loss 
of generality that IK4 fl AZ,+1 = 9 and IK4 fl A34l = 6. Let 17 = AI3 CB A34. Then II is 
a hyperplane in PG(t, 3) such that 17 fl VI = J, II n V, = .I, II fl H3 = A,, and 
II7n H4= A34. 
Since 
F = [ ,QI (Lj U L, U K)}UK,UK,, 





= /Al3 n K31 + IA,, n Kc,( = 18 < 2v, + vg, 
which is a contradiction. 
(B) In the case IK3 fl AI31 = 9 and IK4 n AIdI = 9 or 12, we can assume without 
loss of generality that IK4 fl A34l =s 9. Let 17 = AI3 CB A,,. Then 17 is a hyperplane 
in PG(t, 3) such that III n FI = lAI3 fl K31 + IA,, cl KdI =s 18 < 2v, + v3, which is a 
contradiction. 
(C) In the case lK3 n Al31 = 6, let 17 = AI3 CD A34. Then II is a hyperplane in 
PG(t, 3) such that III n FI = lAI3 fl K,I + lA34 rl KaI =s 18 < 2v, + v3, which is a 
contradiction. 
Prom (A), (B) and (C), it follows that there is no (2~~ + v4, 2v, + v3; t, 3}- 
minihyper F which satisfies the condition in Case III. 
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Case IV: F tl Hi E 9(1, 1,2; t, 3) and F n Hl E %(l, 1,2; t, 3) (I = 2, 3,4) 
It follows that (i) F n HI = LIZ U Lzl U VI for some two l-flats L1,, Lzl and 
some 2-flat VI in HI which satisfy the conditions in Case II and (ii) 
for some points Ql, RI,, Ru, R3,, &, &, S,, and some 2-flat V, in H, such that (a) 
{Q,, RI,, Rz, R3[} is a l-flat in V, and (b) {&, Si,, &, &} is a l-flat in H, such 
that 
v, n I&,,, slrj SIP sd = {w and Sot # {Q,, RI,, Rzr, Rd. 
Let W, = V, 09 {S,,,, Sir, &, S,,} for I= 2, 3, 4. Then W, is a 3-flat in HI such that 
Kl c W, and G n W, is a 2-flat in G. Note that 
GnK,=GnK,=GnK,=Gn(L,,UL,,UV,)={P,,P,}UJ 
and 
for some 2-flat Q in G. 
Let Ei = (W, C3 W,) n Hi for i = 1, 2. Then Ei is a 3-flat in Hi such that 
G rl Ei = Q for i = 1, 2. Note that E, U E2 U W, U W, is a 4-flat in PG(t, 3). 
(A) In the case E2 # W, (i.e., E2 n W, = P), let r = G n (Ez CB W,). Then Tis a 
3-flat in G which contains the 2-flat a. Let 2 be any (t - 3)-flat in G such that 
r n 2 = 52. Let J& (i = 1, 2, 3) be three hyperplanes in PG(t, 3) except for Hz, 
which contain the (t - 2)-flat Z @ EZ. Without loss of generality, we can assume 




= Kzfl s-2= {P,, P,} UJ) for i = 1, 2, 3 
it follows that IF n nil = I(Lll U Lzl U VI) n nil for i = 2, 3. Hence there exists at 
least one hyperplane JI in {J&, J13} such that IF fl III c 6 + (21- 6)/2 c 14 < 
2vz + u3, which is a contradiction. 
(B) In the case E2 = W,, let r = G fl (Lll @ VI). Then r is a 3-flat in G which 
contains Sz. Let E be any (t - 3)-flat in G such that r n 2 = 52. Let fli (i = 1, 2, 3) 
be three hyperplanes in PG(t, 3) except for HI, which contain 2 @ El. Since 
W, c El 63 W, and W, c El 69 W,, we can assume without loss of generality that 
W,cn,forI=2,3,4.ThenK,nni={P,,P,}UJforI=2,3,4andi=2,3. 
Since r fl Z = 52 and G fl fli = 2 for i = 1, 2, 3, it follows that Lll U VI q! fli for 
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i = 1,2, 3. Hence 
which is a contradiction. 
From (A) and (B), it follows that there is no {2v, + v4, 2v, + v,; t, 3}- 
minihyper F which satisfies the condition in Case IV. 
Case V: F rl HI E $(l, 1,2; t, 3) for I = 1, 2, 3, 4. 
It follows that F fl HI = K, for I = 1, 2, 3, 4 where K[ denotes a set in 
@l, 1, 2; t, 3) which is described in Case IV. Let W, = V, CB {&, Sir, &, &} for 
1 = 1, 2, 3, 4. Let Ei = (W, CB W,) fl Hi for i = 1, 2. 
If E, # W, (i.e., E, n W, = Sz) for (Y = 1, or 2, let r = G n (E, CB W,). Then 
r is a 3-flat in G which contains 52. Let 2 be a (t - 3)-flat in G such that 
_Z n r = Q. Let ni (i = 1, 2, 3) be three hyperplanes in PG(t, 3), except for H,, 
which contain the (t - 2)-flat 2 @ E,. Without loss of generality, we can assume 




which is a contradiction. Therefore, Ei = w for i = 1, 2. This implies that 
WI U W, U W, U W, is a 4-flat in PG(t, 3). Since F c W, U W, U W, U W,, it follows 
from Definition 1.2 that F E $(2, 2, 3; t, 3). This completes the proof. 0 
Appendii A. Preliminary results for the proofs of Theorems 1.1 and 1.2 
Let U(t, q) denote the set of all ordered sets (E, pl, pz, . . . , ph) of integers E, 
h and pi (i = 1,2, . . . , h) such that 0 < E <q - 1, 1 c h s (t - l)(q - l), 1 s p1 s 
&<...dPh ct-1 and O<n,@)<q-1 for 1=1,2,...,t-1 where n,(p) 
denotes the number of integers pi in p = (pl, p2, . . . ,uh) such that pi = 1 for the 
given integer 1. Let v[ = (ql - l)/(q - 1) for any integer 12 0. 
Let %(e, k, p2, . . . , p,, ; t, q) denote a family of all unions of E points, a 
pr-flat, a p,-flat, . . . , a ph-flat in PG(t, q) which are mutually disjoint where 
(E, pl, pz, . . . , ph) E U(t, q). As occasion demands, we shall denote 
%(E, Pl, P2,. . . > ph;t,q) by 9(&,& ,..., h,;t,q) where q=h+E, Ai=O 
(i = 1,2, . . . , E) and ;Ir+j = pj (i = 1, 2, . . . , h). For example, S(a, p, y; t, q) 
denotes a family of all unions lJ;=‘=, & of an a-flat V,, a p-flat V2 and a y-flat V, in 
PG(t, q) which are mutually disjoint where 0 < (Y < p < y < t. 
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Remark A.1. It is known (cf. Theorems 2.2 and 2.3 of [14]) that 
.%J(E, Pl, h, . . . 7 p),; t, q) #0 if and only if either (a) h = 1 or (b) h 32 and 
t 3 ph-1 + ph + 1 where (6 h !h . . . , ph) ~5 u(t, 4). 
In order to prove Theorems 1.1 and 1.2, we prepare the following propositions. 
Proposition A.1 (Hamada [4]). (1) Zf F E &,(E, u; t, q) in the case t 3 u + 1, then 
F is a {evt + u~+~, l v0 + vt, ; t, q}-minihyper. 
(2) zfFE~~(E,~1,C1Z,...,~h;t,q) in the CUX ha2 Undt>uh-l+uh+l, 
then F is a {evt + C?==, v,+~, l v0 + CFzt=, vr,; I, q}-minihyper. 
Proposition A.2 (Hamada [3]). Zf there exists a {evt + CF==, vVi+t, cvO + 
Cf==, vpi; t, q}-minihyper F for some ordered set (E, ut, u2, . . . , ph) in U(t, q), 
then 
and 
IF fl A( 3 2 vp,_t for any (t - 2)-flat A in PG(t, q) 
i=l 
IF n GI = i v,_t for some (t - 2)-flat G in PG(t, q). 
i=l 
Let Hi (j= 1,2, . . . , q + 1) be q + 1 hyperplanes in PG(t, q) which contain G. 
Then F il Hi is a 
c?~v,, + 9 v,,-~; t, q}-minihyper 
i=l 
in Hj for j = 1, 2, . . . , q + 1 where 4’s are some nonnegative integers such that 
ci4=:’ sj = E. 
Remark A.2. In Proposition A.2, we can assume without loss of generality that 
0SC51SC52S...SBq+lSE. 
Proposition A.3 (Hamada [4]). Let (E, uI, u2, . . . , ph) be any ordered set in 
U(t, q) such that either 
(a)h=1anduI>2, 
(fi)h32, e=O, pl=l, ,u2>2andt3u,-,+uhor 
(Y)h32, ,tLt~2Undt~u/,-l+u/,. 
Let Sj (i = 1, 2, . . . , q + 1) be any nonnegative integers such that CJC/ 6, = E. If 
there exists a 
h h 
cvl + c vp,+t, evO + c vr,; t, q 
i=l i=l 
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such that 
(a) IF fl GI = Cf==, up,_1 for some (t - 2)-flat G in PG(t, q) and 
(b) F n Hi E So(Sj, ul- 1, u2 - 1, . . . ) p,, - 1; t, q) for any hyperplane Hj 
(1 <j s q + 1) which contains G, 
then FE !%(e, ZJI, ,k, . . . , phi 6 4). 
Proposition A.4 (Hamada [3]). Let t, q, E, h and ui (i = 1, 2, . . . , h) be any 
integerssuchthatt>2, q>3, l =Oorl, l~h<tandl~~FLI<~*<...<~h<t. 
(1) In the case h = 1, F is a {ev, + IJ~+~, eve + vr; t, q}-minihyper if and only if 
FE %(c, u; t, q). 
(2) In the case h ~2 and tSur,-l+u,,+l, F is a {~v~+C~~~v~,+,, cvO+ 
CF==, vr,; t, q}-minihyper if and only if F E &(E, u,, u2, . . . , p,,; t, q). 
(3) In the case h 32 and tsu,,__l+u,,, there is no {cvl + Ef=, up,+,, eve+ 
CEI “rr; I q t }-minihyper. 
Proposition A.5 (Hamada [6]). Let t 2 2, q 3 3 and 1 s p =S t. 
(1) In the case t s 2~, there is no {2v,+,, 2v,; t, q}-minihyper. 
(2) In the case t *2u + 1, F is a {2~~+~, 2v, ; t, q}-minihyper if and only if 
FE S(u, u; t, q). 
Definition A.l. Let V be a &flat in PG(t, q) where 2 c 8 s t. A set S of m points 
in V is called an m-arc in V if no 8 + 1 points in S are linearly dependent where 
m > 8 + 1. For convenience sake, a set S of 8 points in V is also called a &arc in 
V if 8 points in S are linearly independent. Let %(0, E; t, q) denote a family of all 
sets V\S of a B-flat V in PG(t, q) and a (q + 8 - E)-arc S in V where 2 s 8 c t and 
0 S E < q. Let S(O, 1, 1; t, 3) = %(2, 1; t, 3). 
In what follows, let q = 3 and v1 = (3’ - 1)/(3 - 1) for 1~ 0. 
Proposition A.6 (Hamada [6]). (1) In the case t = 2, F is a {vl + 2v2, v. + 2v,; 
2, 3}-minihyper if and only if F E .@O, 1, 1; 2, 3). 
(2) In the case t a3, F is a {v1+2v2, v. + 2v1 ; t, 3}-minihyper if and only if 
eitherF~~(O,1,1;t,3)orF~~(O,1,1;t,3). 
Definition A.2. Let @O, 0, 1; t, 3) denote a family of all sets K in PG(t, 3) such 
that 
K = {(vl), (vo + vl), (2~0 + v& (v& (VI+ vz)r (cvo + 2v1+ vz)) 
for some integer c in { 1,2} and some noncollinear points ( vo), ( YJ and (vz) in 
PG(t, 3) where t 3 2. 
Proposition A.7 (Hamada [5]). Zf the case t 2 2, F is a {2v, + v2, 2v, + v,; t, 3}- 
minihyper if and only if either F E 9(0, 0, 1; t, 3) or F E $(O, 0, 1; t, 3). 
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Definition A.3. Let $(l, 1, 2; t, 3) denote a family of all sets 
for some points Q, RI, RZ, R,, S,, S,, 5, and some 2-flat V in PG(t, 3) such that 
(a) {Q, RI, R2, R3} is a l-flat in V and 
(b) {SO,, S,, &, S,] is a l-flat in PG(t, 3) such that V f~ {S,, S,, S,, S,} = {S,,} 
and S, $ {Q, RI, &, &I 
where t 2 3 and R 09 S denotes the l-flat in PG(t, 3) passing through two points R 
and S. 
Proposition A.8 (Hamada and Helleseth [12]). (1) In the case t = 3, F is a 
(2~~ + v3, 2v, + v,; 3, 3}-minihyper if and ordy if F E %(l, 1, 2; 3, 3). 
(2) In the case t 24, Fis a {2v2+v 3, 2vI + v2; t, 3}-minihyper if and only if 
either F E 9(1, 1, 2; t, 3) or F E L%( 1, 1, 2; t, 3). 
(3) In the case t = y + 1 3 4, there is no {2v2 + v~+~, 2v, + v,,; t, 3}-minihyper. 
(4) In the case t 2 y + 2 2 5, F is a {2v2 + v~+~, 2v, + vY; t, 3)minihyper if and 
only if F E 9(1, 1, y; t, 3). 
The following well-known result will be used in this paper (cf. Appendix I in [7] 
with respect to PG(t, 4)). 
Proposition A.9. (1) Zf V is a u-flat in PG(t, q), then IV( = up+1 and (V n HI = 
v,,, or v,, for any hyperplane H in PG(t, q) according as V c H or not where 
0 c u < t and vt = (qt - l)/(q - 1) for any integer 12 0. 
(2) For any (t - 2)-Jlat G in PG(t, q), there are q + 1 hyperplanes in PG(t, q) 
which contain G. 
(3) For any e-pat 52 in PG(t, q), there exists a linear mapping (T of Sz onto 
PG( 8, q) such that V is a u -fZat in Q if and only if a(V) is a u-flat in PG( 8, q) 
where lcp<O<t. 
(4) There exists an {f, m; t, q}-minihyper F such that F c Sz for some e-flat S2 in 
PG(t, q) if and only if there exists an {f, m; 8, q}-minihyper where 2 c 0 6 t and 
O<m<f CV~+~. 
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